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Abstract
Noncommutative space which is rotationally invariant is considered. The hydrogen
atom is studied in this space. We exactly find the leading term in the asymptotic expansion
of the corrections to the ns energy levels over the small parameter of noncommutativity.
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1 Introduction
Noncommutativity has recently received a considerable interest owing to development of
String Theory and Quantum Gravity (see, for instance, [1, 2]). It is worth noting that
the idea that space might have a noncommutative structure has a long history. This idea
was suggested by Heisenberg and later formalized by Snyder [3].
Canonical version of noncommutative space is characterized by the following commu-
tation relations for the coordinate and momentum operators
[Xi,Xj ] = ih¯θij, (1)
[Xi, Pj ] = ih¯δij , (2)
[Pi, Pj ] = 0, (3)
where θij is a constant antisymmetric matrix. Many physical problems have been studied
in this space (see, for instance, [4] and references therein). Among these problems the
hydrogen atom has been considered [5, 6, 7, 8, 9, 10, 11, 12]. In [5] the authors found the
corrections to the energy levels of hydrogen atom up to the first order in the parameter of
noncommutativity. In that article the corrections to the Lamb shift within the noncom-
mutative quantum electrodynamics theory were also obtained. In [6] the hydrogen atom
was studied as a two-particle system. The authors considered the case when the particles
of opposite charges feel opposite noncommutativity. In [8] the quadratic Stark effect was
examined. Shifts in the spectrum of hydrogen atom in noncommutative space were pre-
sented in [9]. In [10] the hydrogen atom energy levels were calculated in the framework of
the noncommutative Klein-Gordon equation. The Dirac equation with a Coulomb field
was studied in noncommutative space in [11, 12].
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Hydrogen atom was also considered in the case of space-time noncommutativity [13,
14, 15, 16, 17], phase-space noncommutativity [18, 19, 20, 21], κ-space-time (see, for
example, [22]).
It is important to note that there is a problem of rotational symmetry breaking in
a canonical version of noncommutative space (see, for instance, [5, 23]). In order to
solve this problem different classes of noncommutative algebras were considered (see, for
instance, [24] and references therein).
In the previous work [24] in order to preserve the rotational symmetry in noncommu-
tative space we considered the idea to generalize the constant antisymmetric matrix θij
to a tensor. We proposed to construct this tensor with the help of additional coordinates
and defined it as follows
θij =
α
h¯
(aibj − ajbi), (4)
where α is a dimensionless constant, and ai, bi are governed by the harmonic oscillators
Hosc =
(pa)2
2m
+
(pb)2
2m
+
mω2a2
2
+
mω2b2
2
. (5)
The parameter of noncommutativity is thought to be of the order of the Planck scale.
Therefore, we put √
h¯
mω
= lp, (6)
where lp is the Planck length. It was also proposed to consider the limit ω →∞. In this
case harmonic oscillator put into the ground state remains in it.
In this article according to the previous suggestion presented in [24] we consider the
following commutation relations
[Xi,Xj ] = iα(aibj − ajbi), (7)
[Xi, Pj ] = ih¯δij , (8)
[Pi, Pj ] = 0. (9)
The coordinates ai, bi, and momenta p
a
i , p
b
i satisfy the ordinary commutation relations
[ai, aj ] = 0, [ai, p
a
j ] = ih¯δij , [bi, bj ] = 0, [bi, p
b
j] = ih¯δij , also [ai, bj ] = [ai, p
b
j ] = [bi, p
a
j ] =
[pai , p
b
j] = 0. It is worth noting that ai, bi commute with Xi and Pi and therefore θij given
by (4) commutes with Xi and Pi too. So, Xi, Pi and θij satisfy the same commutation
relations as in the case of the canonical version of noncommutativity. Besides, algebra
(7)-(9) is manifestly rotationally invariant [24].
Also in [24] the energy levels of the hydrogen atom were studied in rotationally invari-
ant noncommutative space (7)-(9). In article [24] we obtained an approximate result for
the corrections to these levels in noncommutative space. In the present article we find
exactly the leading term in the asymptotic expansion of the correction to the ns energy
levels over the small parameter of noncommutativity.
The article is organized as follows. In Section 2 the corrections to the ns energy levels
are considered. The leading term in the asymptotic expansion of the corrections to the
ns energy levels over the small parameter of noncommutativity is calculated in Section 3.
Conclusions are presented in Section 4.
2
2 Corrections to the ns Energy Levels of the Hy-
drogen Atom
Let us consider the perturbation of the ns energy levels of the hydrogen atom in rotation-
ally invariant noncommutative space.
The Hamiltonian of the hydrogen atom reads
Hh =
P 2
2M
− e
2
R
, (10)
where the coordinates Xi and momenta Pi satisfy (7)-(9) and R =
√∑
iX
2
i . Besides,
defining the tensor of noncommutativity as (4), we have to take into account additional
terms that correspond to the harmonic oscillator (5) and consider the total Hamiltonian
as follows
H = Hh +Hosc. (11)
Using representation
Xi = xi +
1
2
[θ × p]i, (12)
Pi = pi, (13)
where the coordinates xi and momenta pi satisfy the ordinary commutation relations
[xi, xj ] = [pi, pj] = 0, [xi, pj ] = ih¯δij , and
θ =
α
h¯
[a× b], (14)
we can rewrite Hamiltonian (11) in the following form
H = H0 + V, (15)
where H0 = H
(0)
h +Hosc. Here H
(0)
h =
p2
2M − e
2
r
is the Hamiltonian of the hydrogen atom
in the ordinary commutative space and V is the perturbation caused by the noncommu-
tativity of coordinates
V = − e
2√
r2 − (θ · L) + 14 [θ × p]2
+
e2
r
, (16)
with r =
√∑
i x
2
i .
It is worth noting that in [24], expanding the perturbation V caused by the noncom-
mutativity of coordinates (16) over θ and using the perturbation theory, we have faced
the problem of divergence of the corrections to the ns energy levels. Therefore in this
article we propose the way to find exactly expression for the leading term in the asymp-
totic expansion of the corrections to the ns energy levels over the small parameter of
noncommutativity.
As was mention in the previous section, in the limit ω → ∞ harmonic oscillator
is always in the ground state. Therefore, let us find the corrections to the ns energy
3
levels in the case when the harmonic oscillator is in the ground state. According to the
perturbation theory we have
∆Ens =
〈
ψ
(0)
n,0,0,{0},{0}(r,a,b)
∣∣∣∣∣∣
e2
r
− e
2√
r2 − (θ · L) + 14 [θ × p]2
∣∣∣∣∣∣ψ(0)n,0,0,{0},{0}(r,a,b)
〉
,
(17)
where ψ
(0)
n,0,0,{0},{0}(r,a,b) are the eigenfunctions of the unperturbed Hamiltonian H0.
Note that H
(0)
h commutes with Hosc. Therefore, the eigenfunctions ψ
(0)
n,0,0,{0},{0}(r,a,b)
read
ψ
(0)
n,0,0,{0},{0}(r,a,b) = ψn,0,0(r)ψ
a
0,0,0(a)ψ
b
0,0,0(b), (18)
where ψn,0,0(r) are well known eigenfunctions of the hydrogen atom in ordinary space,
ψa0,0,0(a), ψ
b
0,0,0(b) are the eigenfunctions of the three-dimensional harmonic oscillators in
the ground state. Note that all these eigenfunctions are real, therefore further we omit
notation of complex conjugation of this functions in integrals.
It can be shown that (θ · L) commutes with [θ × p]2 and r2. Also, it is worth noting
that (θ · L)ψ(0)
n,0,0,{0},{0}(r,a,b) = 0. Therefore, we can write
∆Ens =
〈
ψ
(0)
n,0,0,{0},{0}(r,a,b)
∣∣∣∣∣∣
e2
r
− e
2√
r2 + 14 [θ × p]2
∣∣∣∣∣∣ψ(0)n,0,0,{0},{0}(r,a,b)
〉
.
(19)
For convenience we introduce dimensionless coordinates a′ = a/lp, b
′ = b/lp, where
lp is the Planck length. Therefore, θ reads
θ =
αl2p
h¯
θ
′, (20)
where
θ
′ = [a′ × b′]. (21)
Also, we use the following notation r′ =
√
2
α
r
lp
. As a consequence we can rewrite ∆Ens
as follows
∆Ens =
χ2e2
aB
Ins(χ), (22)
where
Ins(χ) =
∫
da′ψ˜a0,0,0(a
′)
∫
db′ψ˜b0,0,0(b
′)
∫
dr′ψ˜n,0,0(χr
′)
(
1
r′
−
− 1√
(r′)2 + [θ′ × p′]2
)
ψ˜n,0,0(χr
′)ψ˜a0,0,0(a
′)ψ˜b0,0,0(b
′), (23)
here
χ =
√
α
2
lp
aB
, (24)
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and ψ˜a0,0,0(a
′) = pi−
3
4 e−
(a′)2
2 , ψ˜b0,0,0(b
′) = pi−
3
4 e−
(b′)2
2 are the dimensionless eigenfunctions
corresponding to the harmonic oscillators, ψ˜n,0,0(χr
′) =
√
1
pin5
e−
χr′
n L1n−1
(
2χr′
n
)
are the
dimensionless eigenfunctions of the hydrogen atom, L1n−1
(
2χr′
n
)
are the generalized La-
guerre polynomials.
Note that in the case of χ = 0 integral (23) has a finite value. Therefore, the asymptotic
of ∆Ens for χ→ 0 (α→ 0) is as follows
∆Ens =
χ2e2
aB
Ins(0). (25)
So, in order to find the asymptotic of ∆Ens we have to find Ins(0). It is worth
mentioning that in the previous article [24] the corrections to the ns energy levels were
found up to linear fluctuations of [θ′ × p′]2. In the integral Ins(0) we replaced 〈f(A)〉 by
f(〈A〉). Namely, the following replacement was considered〈
1√
(r′)2 + [θ′ × p′]2
〉
a′,b′
−→ 1√
(r′)2 + 〈[θ′ × p′]2〉
a′,b′
, (26)
where 〈...〉a′,b′ denotes 〈ψ˜a0,0,0(a′)ψ˜b0,0,0(b′)|...|ψ˜a0,0,0(a′)ψ˜b0,0,0(b′)〉a′,b′ . Therefore an ap-
proximate result for corrections to the ns energy levels was obtained.
In this article we calculate the integral Ins(0) exactly. First let us consider the integral
over r′, namely
Ins(χ,θ
′) =
∫
dr′ψ˜n,0,0(χr
′)
(
1
r′
− 1√
(r′)2 + [θ′ × p′]2
)
ψ˜n,0,0(χr
′). (27)
It is convenient to use the momentum representation. We have
Ins(χ,θ
′) =
=
1
χ6
∫
dp′ψ˜n,0,0
(
p′
χ
) 1√
−∇2p′
− 1√
−∇2p′ + [θ′ × p′]2

 ψ˜n,0,0
(
p′
χ
)
, (28)
where ∇2p′ =
∑
i
∂2
(∂p′i)
2 . It is worth noting that the integral Ins(χ,θ
′) does not depend on
the direction of θ′. Therefore, we can write
Ins(χ,θ
′) = Ins(χ, θ
′) =
=
1
4piχ6
∫
dΩ
∫
dp′ψ˜n,0,0
(
p′
χ
) 1√
−∇2p′
− 1√
−∇2p′ + [θ′ × p′]2

 ψ˜n,0,0
(
p′
χ
)
=
=
1
4piχ6
∫
dΩ
∫
dp′ψ˜n,0,0
(
p′
χ
) 1√
−∇2p′
− 1√
−∇2p′ + (θ′)2(p′)2 sin2Θ

 ψ˜n,0,0
(
p′
χ
)
,
(29)
where θ′ = |θ′|, and dΩ = sinΘdΘdΦ, Θ is an angle between vectors θ′ and p′. Using
the following substitution p˜ = κp′, with κ =
√
θ′ sinΘ, and returning to the coordinate
representation, we can rewrite (29) in the following form
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Ins(χ, θ
′) =
θ′
2
∫ pi
0
dΘsin2Θ
∫
dr˜ψ˜n,0,0(κχr˜)
(
1
r˜
− 1√
r˜2 + p˜2
)
ψ˜n,0,0(κχr˜) =
=
θ′
2
∫ pi
0
dΘsin2Θ
∫ ∞
0
dr˜r˜2R˜n,0(κχr˜)

1
r˜
− 1√
r˜2 + p2r˜

 R˜n,0(κχr˜),
(30)
here R˜n,0(κχr˜) =
√
4
n5
e−
κχr˜
n L1n−1
(
2κχr˜
n
)
is the dimensionless radial wave function of the
hydrogen atom, pr˜ = −i1r˜ ∂∂r˜ r˜.
It is convenient to use the following notation
Sns(κχ) =
= 4
∫ ∞
0
dr˜r˜2e−
κχr˜
n L1n−1
(
2κχr˜
n
)1
r˜
− 1√
r˜2 + p2r˜

 e−κχr˜n L1n−1
(
2κχr˜
n
)
, (31)
and rewrite Ins(χ, θ
′) as follows
Ins(χ, θ
′) =
θ′
2n5
∫ pi
0
dΘsin2ΘSns(κχ). (32)
Now, returning to (25), and taking into account that
Ins(0) = 〈Ins(0, θ′)〉a′,b′ , (33)
Ins(0, θ
′) =
θ′
2n5
∫ pi
0
dΘsin2ΘSns(0) =
piθ′
4n5
Sns(0), (34)
we obtain
∆Ens =
pi〈θ′〉χ2e2
4aBn5
Sns(0), (35)
where
〈θ′〉 = 〈ψ˜a0,0,0(a′)ψ˜b0,0,0(b′)|
√∑
i
(θ′i)
2|ψ˜a0,0,0(a′)ψ˜b0,0,0(b′)〉 = 1. (36)
Note that the result for 〈θ′〉 is expectable because of the way of introducing the dimen-
sionless coordinates a′, b′.
It can be shown that
Sns(0) = S1s(0)n
2. (37)
Finally, using (36) and (37), we exactly obtain the following expression for the leading
term in the asymptotic expansion of the corrections to the ns energy levels
∆Ens =
piχ2e2
4aBn3
S1s(0). (38)
So, in order to find (38) we have to calculate S1s(0).
6
3 Calculation of the Leading Term in the Asymp-
totic Expansion of the Corrections the ns Energy
Levels
As was shown in the previous Section, to find the leading term in the asymptotic expansion
of the corrections the ns energy levels we have to calculate S1s(0)
S1s(0) = 4
∫ ∞
0
dr˜r˜2

1
r˜
− 1√
r˜2 + p2r˜

 . (39)
For this purpose let us expand 1 over the eigenfunctions of r˜2 + p2r˜
1 =
∞∑
k=0
Ckφk, (40)
where φk are the eigenfunctions of r˜
2 + p2r˜
φk =
√
2k!
Γ(k + 32)
e−
r˜2
2 L
1
2
k (r˜
2), (41)
see, for instance, [25] and Ck are the expansion coefficients
Ck =
√
2k!
Γ(k + 32)
∫ ∞
0
dr˜r˜2e−
r˜2
2 L
1
2
k
(
r˜2
)
= (−1)k
√
4Γ(k + 32)
k!
. (42)
As a result, the second term in (39) reads∫ ∞
0
dr˜r˜2
1√
r˜2 + p2r˜
=
∞∑
k=0
C2k√
λk
, (43)
where λk are the eigenvalues of r˜
2 + p2r˜, namely λk = 2
(
2k + 32
)
.
The first term in (39) can be presented in the following form∫ ∞
0
dr˜r˜ =
∞∑
k=0
CkIk, (44)
where
Ik =
√
2k!
Γ(k + 32)
∫ ∞
0
dr˜r˜e−
r˜2
2 L
1
2
k
(
r˜2
)
=
= (−1)k
√
8k!
piΓ(k + 32 )
2F1
(
−k, 1
2
;
3
2
; 2
)
, (45)
here 2F1
(−k, 12 ; 32 ; 2) is the hypergeometric function. So, taking into account (43) and
(44), we have
S1s(0) = 4
∞∑
k=0
(
CkIk −
C2k√
λk
)
=
= 16
√
2
pi
∞∑
k=0
Γ(k + 32 )
k!
(
2F1
(
−k, 1
2
;
3
2
; 2
)
−
√
pi
8k + 6
)
. (46)
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Note that the two sums in S1s(0), namely
16
√
2
pi
∞∑
k=0
Γ(k + 32 )
k!
2F1
(
−k, 1
2
;
3
2
; 2
)
, (47)
16
√
2
pi
∞∑
k=0
Γ(k + 32 )
k!
√
pi
8k + 6
, (48)
are divergent. Nevertheless, the value of S1s(0) is finite. In order to work with the sums
(47) and (48) separately let us use an additional multiplier ηk (η < 1)
16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
2F1
(
−k, 1
2
;
3
2
; 2
)
ηk, (49)
16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
√
pi
8k + 6
ηk. (50)
Note, that in the case of η = 1 we obtain (47), (48).
First we consider sum (50). It is clear that√
pi
k + 34
= 2
∫ ∞
0
dze−(k+
3
4
)z2 . (51)
Also, it can be shown that
∞∑
k=0
Γ(k + 32)
k!
tk =
√
pi
2(1 − t) 32
. (52)
As a result, taking into account (51) and (52), we obtain
16
√
2
∞∑
k=0
Γ(k + 32)
k!
√
8k + 6
ηk = 16
∞∑
k=0
Γ(k + 32)
k!
√
pi
ηk
∫ ∞
0
dze−(k+
3
4
)z2 =
= 8
∫ ∞
0
dz
e−
3
4
z2
(1− ηe−z2 ) 32
. (53)
Now let us consider sum (49). The hypergeometric function 2F1(−k, 12 ; 32 ; 2) can be
presented in the following form
2F1
(
−k, 1
2
;
3
2
; 2
)
=
k∑
q=0
(−1)qCqk2q
2q + 1
, (54)
where Cqk are the binomial coefficients. It is clear that
1
2q + 1
=
∫ 1
0
dzz2q. (55)
Therefore, using (54) and (55), we obtain
2F1
(
−k, 1
2
,
3
2
, 2
)
=
k∑
q=0
∫ 1
0
dzCqk(−2)qz2q =
∫ 1
0
dz(1 − 2z2)k. (56)
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Finally, using (52) and (56), we can rewrite (49) as follows
16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
2F1
(
−k, 1
2
,
3
2
, 2
)
ηk =
= 16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
ηk
∫ 1
0
dz(1 − 2z2)k = 8
√
2
∫ 1
0
dz
(1− η(1 − 2z2)) 32
. (57)
Splitting the integral (57) into two integrals we have
∫ 1
0
dz
(1− η(1 − 2z2)) 32
= I1(η) + I2(η), (58)
where
I1(η) =
∫ 1√
2
0
dz
(1− η(1 − 2z2)) 32
, (59)
I2(η) =
∫ 1
1√
2
dz
(1− η(1 − 2z2)) 32
. (60)
Note that the integral I2(η) has a finite value even for η = 1. Putting η = 1 in (60), we
obtain
I2(1) =
√
2
8
. (61)
Next let us rewrite (59) in the form which is close to (53). Using substitution e−t
2
=
1− 2z2, we have
I1(η) =
√
2
2
∫ ∞
0
dt
te−t
2
(1− e−t2) 12 (1 − ηe−t2) 32
. (62)
As a result, taking into account (53), (57), (61), (62), we find
16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
2F1
(
−k, 1
2
;
3
2
; 2
)
ηk − 16
√
2
pi
∞∑
k=0
Γ(k + 32)
k!
√
pi
8k + 6
ηk =
= 8
√
2I2(η) + 8
∫ ∞
0
dt
te−t
2 − e− 34 t2(1− e−t2) 12
(1− e−t2) 12 (1− ηe−t2) 32
.
(63)
Note that the integral in (63) has a finite value even for η = 1 and this integral can be
easy calculated. Consequently, putting η = 1 in (63), and taking into account (46), (61),
we find
S1s(0) = 2 + 8
∫ ∞
0
dt
te−t
2 − e− 34 t2
√
1− e−t2
(1− e−t2)2 = 1.72006 . . . (64)
Now, using (38), we obtain
∆Ens ≃ 1.72 piχ
2e2
4aBn3
. (65)
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Finally, taking into account (20) and (24), we have the following corrections written
in term of the parameter of noncommutativity
∆Ens ≃ 1.72 h¯〈θ〉pie
2
8a3Bn
3
, (66)
where
〈θ〉 = 〈ψa0,0,0(a)ψb0,0,0(b)|
√∑
i
θ2i |ψa0,0,0(a)ψb0,0,0(b)〉 =
αl2p
h¯
, (67)
and θ is given by (14).
At the end of this section we would like to note that result (66) and approximate result
calculated in [24] differ in multiplier pi4 . Therefore, an upper bound for the parameter of
noncommutativity obtained in [24] will not be significantly changed. Nevertheless, it is
worth noting that in this article we have found exact result for the expression for the
leading term in the asymptotic expansion of the corrections to the ns energy levels over
the small parameter of noncommutativity (38), where S1s(0) is given by (64).
4 Conclusion
In this article we have considered the idea to construct rotationally invariant noncommu-
tative algebra by the generalization of a constant antisymmetric matrix to a tensor defined
by additional coordinates (4). In this rotationally invariant noncommutative space the
hydrogen atom has been studied.
The main result of this paper is exactly found expression for the leading term in the
asymptotic expansion of the corrections to the ns energy levels over the small parameter of
noncommutativity (38), where S1s(0) is given by (64). It is worth noting that dependence
of this term on the parameter of noncommutativity is proportional to 〈θ〉, whereas the
corrections to the energy levels with l > 1 are proportional to 〈θ2〉 [24]. Therefore, we can
conclude that ns energy levels are more sensitive to the noncommutativity of coordinates.
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